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ABSTRACT: In this paper, we investigate special Smarandache curves with regard 
to Sabban frame for Bertrand partner curve spherical indicatrix. Some results have 
been obtained. These results were expressed depending on the Bertrand curve. Be- 
sides, we are given examples of our results. 
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1. Introduction and Preliminaries 


The Bertrand of the curve is well known by the mathematicians especially the 
differential geometry scientists. Bertrand curves have been studied by some authors 
[5,6,7]. Bertrand curves detected by J. Bertrand in 1850 are one of the important 
and interesting matters of classical special curve theory. A Bertrand curve is defined 
as a special curve which parallel its principal normals with another special curve, 
called Bertrand partner curve. If the curve a* is Bertrand partner of a, then we 
may write that 

a*(s*) = a(s) + A(s)N(s) (1.1) 


where \=constant, [6] . It is proved in most studies on the subject that the char- 
acteristic property of Bertrand curve is the existence of a linear relation between 
its curvature and torsion as [6], 


Aw+ pT =1, pw =—Acoté. (1.2) 


where Z(T,T*) = 8. Whose position vector is composed by Frenet frame vectors 
regular curve is called a Smarandache curve [12]. Special Smarandache curves have 
been studied by some authors [1,2,4,8]. K. Tasképrii, M. Tosun studied special 
Smarandache curves according to Sabban frame on S$? [11]. Senyurt and Caligkan 
investigated special Smarandache curves in terms of Sabban frame of spherical 
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indicatrix curves and they gave some characterization of Smarandache curves [3]. 
Let a: I + E® be a unit speed curve, we defined the quantities of the Serret-Frenet 
apparatus, respectively 


= a’’(s) 
Ile”’(s)I| 
K(s) =||T’(s)I], 7(s) = (N’(s), B(s)) (1.4) 


T(s) =a’(s), N(s) 


, B(s) = T(s) A N(s), (1.3) 


we have an orthonormal frame {T, N, B} along a. This frames is called the Frenet 
frame of a. This curve the Frenet formulae are, respectively, [6] 


T’(s) =K(s)N(s), N’(s) =—K(s)T(s) + 7(s)B(s), B’(s) = —7(s)N(s). (1.5) 
Let a : I + E® unit speed and a* : I > E® be the C?-class differentiable two 
curves and the amounts of {T(s), N(s), B(s)} and {T*(s*), N*(s*), B*(s*)} are 
entirely Frenet-Serret frames of the curves a Bertrand and the Bertrand partner 
a*, respectively, then [5] 


T* =coséT — sindB, N* =N, B* =sindT + cos6B (1.6) 


For the curvatures and the torsions we have 
oe (1.7) 
XC — AK) N27 


In addition to 
siny* = sin(y — 0), cosy* =cos(p— 8), y*’ =y’, ||W*|| = ||W|]. (1.8) 


Let y : I — S? be a unit speed spherical curve. We denote s as the arc-length 
parameter of y. Let us denote by 


y(s) =7(s), ts) =7'(s), d(s) = y(s) A t(s) (1.9) 
{+(s),t(s),d(s)} frame is called the Sabban frame of y on S?. Then we have the 
following spherical Frenet formulae of 7 


7(s) = t(s), t'(s) = —7(s) + kg(s)d(s), d!(s) = —Kg(s)t(s) (1.10) 


where «, is called the geodesic curvature of the curve 7 on S? which is 
Kg(s) = (t’(s), d(s), [11]. (1.11) 


2. Smarandache Curves for Spherical Indicatrix of the Bertrand 
Curves Pair 
In this section, we investigate special Smarandache curves created by Sabban 
frame, {T*,Typ+,T* \ Tr«}, {N*,Tn«,N* A Ty~«} and {B*,Tp-+, B* \ Tp«}, that 
belongs to spherical indicatrix of a a* curve are defined. We will find some results. 
These results will be expressed depending on the Bertrand curve. Let a, (sr+) = 


T*(s*), ay. (Sn*) = N*(s*) and a,,, (Sp+) = B*(s*) be a regular spherical curves 
on $*. Sabban frame for (T*), (N*) and (B*) are, respectively 
= 7", The oN*, TA Dp = B* (2.1) 
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N* = N* 
Ty« = —cosy*T* + sin y* B* (2.2) 
N* A Tnx = siny*T* + cos y* B*, 
and 
Pa P, tw Sai, BA Tee Hah (2.3) 
From the equation (1.10), we have the following spherical Frenet formulae of (7%), 
(N*) and (B*) are, respectively, 


oo * 
T*! =Trs, Tre! =—T* + T* AT ps, (T* AT rs) =—T rs, (2.4) 

K K* 
NY = Tye, Tye! =—N*+ 2 N* A Tye, (N*AT ys)! =-2 —Tye, (2.5) 

\|w*|| |W* || 

and : : 
BY =Tpx, Tax! = —B* + B* ATp+, (BY ATp«)! =—Tax. (2.6) 

T Te 


From the equation (1.11) we have the following geodesic curvatures of (T*), (NV*) 
and (B*) are, respectively, 


* af 


rot xt gy Bt Kt 
Kg = Ty Kg ial and kK, = (2.7) 
8,-Smarandache Curve, can be defined by, 
1 
By (sr*) = walt +Tr«), (2.8) 
or from the equation (2.1), we can write 
1 
B,(s*) = alr +N*). (2.9) 
Differentiating (2.8), we reach 
Tp, (s*) = : T* +N*+ — BY), (2.10) 


Considering the equations (2.9) and (2.10), with ease seen that 


1 T* me 


(8, ATp,)(s*) = (—T* _ + 2B*), (2.11) 


Differentiating (2.10), 


K 
da = -2— 3(Ee)” = (Fe) — (Ee) (2.12) 
* ree 
= UE) (EY + (SY 
including we can write, 
2 
ey= va we (T* + A2N* + As B"). (2.13) 
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From the equation (1.11), (2.11) and (2.13), Ket geodesic curvature of 3,(s*) is 


* 


Ai + Aa + 2d3). (2.14) 
K 


By iL ; (o 
eral 

Substituting the equations (1.6) and (1.7) into equation (2.9), (2.10), (2.11) and 

(2.13), Sabban apparataus of the 3,-Smarandache curve for Bertrand curve are 


1 
s = -—/(cosdT+ N —sin@B), 
B,(s) wa. ) 
tan(y — 6) sin @ — cos@ 1 
Ts,() = 1 , 
2+ tan?(y — 0) 2+ tan?(p — 6) 


_ tan(y — @) cos 6 + sin® 


/2+ tan?(y — 6) 


2sin@ + tan(y — A) cos@ tan(y — 6) 
(8: ATs,)(s) = — Se  - 
44+ 2tan?(y — 6) 44+ 2tan?(y — 6) 
2cos 6 — tan(y — 8) sind 5 
4+ 2tan2(p — 0) 
X3 sin 8 + Ay cos 6) V2 2V2 
T ij = (A3 sin = Wn 4 23 
(2+tan%(p—6)?  * @+tan%(p— 0) 
(X3 cos @ — Ai sin @) V2 
G+ tame — 0)? 
and : 
Ket = = (tan(p — 0)A; + tan(y — 8)Az2 + 243), 
(2+ tan?(y — 0))? 
where 


X1 = —2 — tan?(y — 6) + tan’(y — 6) tan(y — 6) 
2 = —2 — 3tan? (yp — 0) — tan* (yp — 6) — tan’(y — 6) tan(y — 0) 
3 = 2tan(y — 6) + tan? (yp — 6) + 2tan’ (yp — 8). 


8.-Smarandache Curve can be defined by 


éiee\= Sq (Pee +T* A Tpx) (2.15) 
or from the equations (1.6) and (2.1), we can write 
1 
Bo(s) = 9 gaia + N + cos@B). (2.16) 


Differentiating (2.16), we can write 
_ tan(y — @) sin@ — cos@ tan(y — 6) N4 tan(y — 8) cos 6 — sind (2.17) 


T; 
#2 (8) 1+2tan?(y — 0) 1+ 2tan?(~ — 6)? 1+ 2tan?(yp — @) 
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Considering the equations (2.16) and (2.17), with ease seen that 


sin @ + 2 tan(y — 0) cos@ 1 
2+ 4tan*(y — 0) 2+ 4tan*(y — 0) 
cos @ — tan(y — 0) sin? (2.18) 


2+ 4tan?(y — 6) 


Differentiating (2.17), where 


E, = tan(y — 0) + 2tan3(p — 0) + 2tan’(p — A) tan(y — 0) 
Fo = —1— 3tan?(p — 0) — 2tan*(y — 0) — tan’(y — 0) (2.19) 
=3 = tan?(y — 0) — 2tan*(p — 6) + tan’(y — 8), 


including we have 


(3 sin @ + = cos 0)/2 ; FoV/2 ; (3 cos 6 — =] sin 0)/2 
(1+ 2tan2(p—6))2 (14 2tan2(p—6))2 (1 + 2tan?(y — 6))? 


T, (s) = B. (2.20) 


KO? geodesic curvature of 8.-Smarandache curve according to Bertrand curve is 


Ko? = —___+ __fataniy — 0)E1 — Fa +23). (2.21) 
(1+ 2tan?(y — @)) 2 
83-Smarandache Curve, can be defined by 


1 


3(sp*) = T* + Tp* +T* A Tp 2.22 
B3(sr*) 75! T T*) (2.22) 
or from the equations (1.6) and (2.1), we can write 
B3(s) = : ((sin + cos0)T 4 N + (cos@ — sin8) B). (2.23) 
v3 


Differentiating (2.23), we reach 


tan(y — 6) sin@ — cos @ 


T+ ! N 
/2(1 — tan(~ — 0) + tan2(y — 0)) 2(1 — tan(y — 0) + tan7(yp — @)) 


tan(y — 6) cos@ + sin @ 
/2(1 — tan(y — 6) + tan?(y — @)) 


Tg,(s) = 


(2.24) 


Considering the equations (2.23) and (2.24), it is easily seen 


(2tan(y — 6) — 1) cos 6 + (2 — tan(y — @)) sind 
(8s Tps)(s) = 6 — 6tan(y — 6) + 6 tan? (yp — 6) . a) 
14 tan(y — 6) 
7 \/6 — 6 tan(y — 6) + 6 tan2(~ — 4) 
rn (2 — tan(y — @)) cos @ — (2 tan(~ — 6) — 1)sin@ 
/6 — 6 tan(y — 6) + 6 tan?(~ — 4) 


Differentiating (2.24), where 
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i= 


4tan(y — 0) — 4tan?(y — 0) + 2tan?(y — 6) + tan’ (wy — 8)(1 — 2tan(y — @)) 
2tan(y — 0) — 4tan?(y — 0) + 2tan® (yp — 0) — 2tan*(y — 0) 
—tan’(~ — 0)(1 + tan(y — @)) 
3 = 2tan(y — 0) — 4tan?(y — 0) + 4 tan? (yp — 0) — 2tan*(y — 6) + tan’ (y — 0)(2 — tan(y — 8)), 


24 
24 


2 


(2.27) 
including we reach 
Th, (s) ($3 sin 8 + $, cos 0)V3 boV3 N 
Bs A(1 — tan(y — 6) + tan?(y—6))2— (4(1 — tan(y — 6) + tan?(y — @))? 
4. ($3 cos 0 — 6, sin 0) V3 (2.28) 
4(1 — tan(y — 0) + tan?2(yp — 0))2 
KES geodesic curvature of 63-Smarandache curve according to Bertrand curve is 
a, _ (2tan(y — 6) — 1)¢, — (1 + tan(y — 6)) bg + (2 — tan(y — 4)) 45 
= eS ee (2.29) 
4)/2(1 — tan(y — 0) + tan?(p — 6)) ? 
84-Smarandache Curve, can be defined by 
1 
Sn*) = —=(N* + Tnx 2.30 
Ba(sn*) Jal N*) (2.30) 
or from the equations (1.6), (1.8) and (2.2), we can write 
Bya(s) = a4 cosyT +N +sinyB). (2.31) 
v2 
Differentiating (2.31), we can write 
1, (0) = 2M e= IW 0088 IW, Pieose + lIWilsing as 
QW]? + eo? 2||W|? +p? 2||WI]? + 
Considering the equations (2.31) and (2.32), it is easily seen 
‘cos p + 2||W]| sin 2||W || cos p — vy’ sin 
(ih, eg, PU co eo 
VAIWI? + 20” VAIWII? + 26” VAIWII? + 26” 


Differentiating (2.32), where 


3 rir? ial y Cai ) (qi) (2.34) 


Xs = 2 qi) + qn) + Cri)” 


including we can write 


IW Il V20%3 sin yp — Xp cos y) 
(2\| WI? + 6)? 
XillW4v2 
(2\|W ||? + 9)? 
|W ||4 V2%2 sin p + X3 cos y) 
(2I|WII2 + 9’)? 


B. (2.35) 
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Ke geodesic curvature of 84-Smarandache curve according to Bertrand curve is 


Ba _ 1 a= a ae 
Kg* = —— ss (1 — (2 + 2X33) (2.36) 
eye TM Gur * Xs) 
iwi] 
Bs-Smarandache Curve, can be defined by 
Bg (on«) = (Tue + N* AT ye) (2.37) 
E(Sn« ) = * * m 
5(SN Vi N N 
or from the equations (1.6), (1.8) and (2.2), we can write 
Bs(s) = (sing cos y)T + (sing 4 cosy) B). (2.38) 
V2 


Differentiating (2.38), we can write 


2) = y’ (sin y + cos y)T — ||W||N + vy’ (cos y — sin y)B (2.39) 


VIWII? + 26” 


From the equations (2.38) and (2.39), we can write 


(cosy +siny)T + 2y'N + (cosy — siny)B 


T ms ee 2.40 
(85 A Tp,)(s) aaa (2.40) 
Differentiating (2.39), where 
Bi = (qq) + 20 ge)? + 20S)! (TD) 
82 = —1 — 3 qq)? — 2g) = Gi)” (22)) 
Bs = —( fi)? — 2Cphrp)* + (a) 


including we have, 


|WIl4V2Gssing ~d2cosy),,  dillWil4v2 
(IW? + 29°)? (IW? + 292)? 
WIA V2@2 sing +83 cos 9) 5 


Th, (8) 


(2.42) 
([IWI]? + 20)” 
Keo geodesic curvature 85-Smarandache curve according to Bertrand curve is 
KB = ae ee eee ren (2.43) 
(2+ (qA)?2)? NWI 
8.¢-Smarandache Curve, can be defined by 
1 
Pee Sg NS EEN + N* \ Ty«) (2.44) 
or from the equations (1.6), (1.8) and (2.2), we can write 
a ; F 
Bg(s) = a ((sing —cosy)T + N + (sing + cos y)B). (2.45) 


Differentiating (2.45), we have 
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_ glsing — (WII - ¢’) cosy faa 
Tag(s) = ) 7 72 is ) 7 72 
V2AWI? — Wie +267) 4/2 WI? — [TW le! + 20) 
! = hve 
P08 as (IWI|—»% a (2.46) 
V2(|W |? — Wile! + 267) 
From the equations (2.45) and (2.46), we can write 
(2I|WIl — o') sing + (IWII-+ y’) cosy 2! — |IWII 
(86 A Ts5)(s) 2 / 12 ie 2 / al 
V6W I? — 6|Wl\e’ + 6 V6|W |? — 6|W le’ + 6 
=! _ 0) 8 
(2IIW1 — g")cosy ~ (WII +e") sing oe 
V6\|W||? — 6 Wl’ + 6p? 
Differentiating (2.46), where 
= gp g’_\2 g’_)3 g’_\ pl 
i= —2+ Ct) ~ ACT) + 27) + CT) (2( wy) _ 1) ’ 
Po = —2+ pip) — Aging)” + 2g)? — 2G) — Ge’ G+ Grin) ee 
P3 = 2(TirT) ~~ Ager)? + 4( iia 3 ~~ 2( iia e Tr (qi) (2 _ ( iia )); 
including we can write 
4, /3(5, sinw —F 5 4 
TA, (6) |W || V3@s sin p — By cos Pp Pil|W|4v3 : (2.49) 
4(||W ||? — ||Wlle’ + 9’) 4(||W ||? — ||Wile’ + ~?) 
|W ||4 32 sin p + 3 cos ) 
2 
4(||W|? — ||Wllye! +e?) 
Ke ° geodesic curvature 6g-Smarandache curve according to Bertrand curve is 
/ y y 
2 5 pg \s gs 
jbo — Ct — VP: + (Ol qe + 2 — Tins oa 
9g / , 5 . . 
aV3(1 — (eq) + GED 
87-Smarandache Curve, can be defined by 
Br(sp+) = (B" + Tae) (2.51) 
sp«) = * H 
7(SB Va B 
or from the equations (1.6) and (2.3), we can write 
Br(s) = : (sin OT + N + cos OB). (2.52) 
V2 
Differentiating (2.52), we reach 
Ty. (a)= cot(y — 0) cos0—sinO,, | 1 NE cot(y — 8) sin@ — cos 6 (2.53) 
/2 + cot2(~p — 4) /2 + cot2(y — 4) 2+ cot2(p — 6) 


From the equations (2.52) and (2.53), we have 
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(87 A Tp.) (s) 


Differentiating (2.53), where 


cot(y — @) sin@ + 2cos 6, 
Jit 20 — 8) 
cot(p — 0) 

Y afi ae 2 cot? (y — A) 

_ cot(y — 8) cos 0 — 2sin@ , 
4 + 2cot?(y — 6) 


N 


(2.54) 


1 = —2 — cot?(y — 8) + cot! (y — @) cot(y — 6) 


i) 
ll 


ww 
ws 
Ww. 


—2 — 3cot?(y — 0) — cot*(y — A) — cot! (py — 6) cot (y — 8) (2.55) 


including we can write 


3 = 2cot(y — A) + cot? (yp — 6) + 2cot’(y — 4), 


T!, (s) (@1 sin 8 + W3 cos 0)/2 Bo/2 , (@1 cos 6 — 3 sin 0)/2 (2.56) 
s)= } : 
et (2 + cot? (p — 0))? (2 + cot? (yp — 0))? (2 + cot? (yp — 6))? 
Ke ” geodesic curvature 3,-Smarandache curve according to Bertrand curve is 
1 
Ket = (cot(y 0)@1 — cot(y — 0)We 4 2053). (2.57) 
(2 + cot?(y — 6))? 
8g-Smarandache Curve, can be defined by 
1 
sp) = —(Tp* + B* A Tp 2.58 
Bg(sBe) 7a! B B* ) (2.58) 
or from the equations (1.6) and (2.3), we can write 
1 
s)= cos 6T — N —sin@B). 2.59 
Ba(s) = a ) (2.59) 
Differentiating (2.59), we reach 
Oe cot(y — @) cos 6 — sin, cot(y — @) NE cot(y — @)siné + cos @ (2.60) 
1+ 2cot2(p— 0) 1+ 2cot2(y — 0) 1+ 2cot2(y — 6) 
From the equations (2.59) and (2.60), we can write 
2cot(~ — A) sin@ + cos 6 
(Bg \Ta,)(s) = “AAO sind +008? yp 
\/2 + 4cot?(p — 6) 
i 
2+ 4cot?(y — 0) 
2cot(~ — O) cos 8 — sind 5, (2.61) 


Differentiating (2.60), where 


2+ 4cot?(y — 0) 


D1 = cot(y — 0) + 2cot? (yp — 6) + 2cot’ (yp — A) cot(y — 8) 
Yo = —1— 3cot?(y — 0) — 2cot*(y — A) — cot! (y — 4) (2.62) 
a3 = —cot?(y — 6) — 2cot4(y — 6) + cot’(y — 4), 
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including we have 


; (b, sin 6 + ws cos 0) V/2 YoV2 (hb, cos 0 — wz sin 0) V2 
13, (8) = =o 7 Daa Bi DNA. oo iB. (2.63) 
8 (1 + 2cot?(p — 6))? (1 + 2cot?(y — 6)) (1 + 2cot?(p — @)) 
Ke ® geodesic curvature Gg-Smarandache curve according to Bertrand curve is 
Bg _ 1 Se an ip ae 
kg? = ———_____- (2 cot(y — 8) — Po + Ys). (2.64) 


(1 + 2cot?(y — 6))2 


Bg-Smarandache Curve, can be defined by 


1 * * 
Bo (SB) = a +Tpx+B*A Tp«) (2.65) 
or from the equations (1.6) and (2.3), we can write 
Bg(s) = . (( sin@ + cos0)T — N + (cos0 sin 6) B). (2.66) 
v3 


Differentiating (2.66), we have 


sts) = cot(y — @) cos 6 — sin# rT 1 —cot(y — @) N 
2(1 — cot(p — @) + cot?(y — 4)) 2(1 — cot(y — 0) + cot? (yp — 6)) 
cos 6 + cot(y — 6) sin# 


2(1 — cot(y — 8) + cot? (yp — 4)) 


B. (2.67) 


From the equations (2.66) and (2.67), we reach 


2cot(y — @) — 1) sin@ + (2 — cot(y — @)) cos 6, 
V6 — 6cot(y — 0) + 6 cot? (yp — 4) 
1+ cot(y — 0) 
6 — 6 cot(y — 0) + 6 cot? (~ — A) 
(2 cot(y — 8) — 1) cos 6 + (cot(y — 8) — 2) sind 5, 
6 — 6cot(y — 0) + 6 cot? (yp — A) 


(89 A Ta) (s) = 


(2.68) 


Differentiating (2.67), where 


¢,=-2 (it) a(it) (ah? 4.o( Wily$ (ety (21¥I 1) 
C= 24 (Livy ale)? + (iwi - ows _ fetyas iit) (2.69) 
¢ 


3 = 2(441) a(Wa thy? 4(ehye owl, (ayy (2 wy, 


including we can write 


j g/4(C, sing + Cy cos p)V3 g'*C3V3 
Ts (s) = OS oT 5 
4 A(||W ||? — ||WIlye’ + p’?)? 4(||W ||? — ||WIle’ + ~?)? 
'4(¢, cosy — Cy siny) V3 
4(||W ||? — |W’ + 9’?)? 


(2.70) 


® geodesic curvature Bg-Smarandache curve according to Bertrand curve is 
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F 4V/2(1 + cot(y — 0) + (cot(y 9))?) 2 


Example. Let us consider the unit speed spherical curve: 


(2.71) 


2 1 2 1 4 
a(s) = te sin (2s) — rr sin (85) ;—= cos (2s) + i con (818) 5 sin (3 s)} 


in the context of definitions, we reach Spherical indicatrix curves (T*), (N*) and (B*) (see Figure 
1) and Smarandache curves according to Sabban frame on S?. 81, Bo, B3, B4, Ps, 86, B7, Bg and 
By (see Figure 2,3,4). 


Figure 3: 64-curve Bs-curve Bg-curve 
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Figure 4: 37-curve Bg-curve Bg-curve 
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